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Derandomizing Random



Recall: (s, t)-connectivity in O(log n) space

• G = (V,E) undirected, s, t 2 V : are s and t connected?

• only allowed O(log n) space

• previously: random walk for O(mn) steps from s

From the homework:

• If G has constant spectral gap, then diameter is O(log n). (why?)

• If G has constant spectral gap, then determinstic (s, t)-connectivity.

(why?)
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Recall: (s, t)-connectivity in O(log n) space

• G = (V,E) undirected, s, t 2 V : are s and t connected?

• only allowed O(log n) space

• previously: random walk for O(mn) steps from s

From the homework:

• If G has constant spectral gap, then diameter is O(log n). (why?)

• If G has constant spectral gap, then determinstic (s, t)-connectivity.

(why?)

Theorem 1. There is a O(log n) space, polynomial time deterministic algo-
rithm for (s, t)-connectivity in undirected graphs with n vertices.

• Omer Reingold. “Undirected connectivity in log-space”. In: J. ACM 55.4

(2008), 17:1–17:24. Preliminary version in STOC, 2005.
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1 High level overview

• Connectivity easy on expanders

• Key idea: implicitly convert graph to an expander

• Simplifying assumption: input graph G is regular with constant degree d

(doable with some prepreocessing)

• build up expander with two graph operations:

1. powering

2. zig-zag product
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Powering

Goal: improve spectral gap

<latexit sha1_base64="zG4oVhbT7MLpzVNV0YUqmTHZL6M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4Kokoeix40GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSvKh4VxW3flmunuVxFOAYTuAcPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPlNuMsw==</latexit>

G

<latexit sha1_base64="iK3F+U4DWmQMYuiGFqcmzoN+PPo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPiKewGRY8BD3qMaB6QrGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqAccx90M6UKIvGEUr3d88VrrFklt2ZyDLxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqmjIjZ/OTp2QE6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf6VnwoVJ8gVmy/qJ5JgRKZ/k57QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0KmXvouzenZeqp1kceTiCYzgDDy6hCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBueCNVw==</latexit>

G
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<latexit sha1_base64="h/vzaVFX8yB+WyQhM4VSA9OVdr4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxqB4CjMu6DHgQY8RzQLJGHo6PUmTnp6hu0YIQz7BiwdFvPpF3vwbO8tBEx8UPN6roqpekEhh0HW/ndzS8srqWn69sLG5tb1T3N2rmzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggG12O/8cS1EbF6wGHC/Yj2lAgFo2il+5vHs06x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjlZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6adm7KLt356XK8SyOPBzAIZyAB5dQgVuoQg0Y9OAZXuHNkc6L8+58TFtzzmxmH/7A+fwBu2SNWA==</latexit>

G
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<latexit sha1_base64="0zxHsQGtPROwmGVZA+XXZIZoIL0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbFU0mKoseCF48V7Ae0sWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXywcxi6gs8lixkBJtMekwb82G15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwhs/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHtXdff+stY8L+IowwmcwgV4cA1NuIMWtIHABJ7hFd4c4bw4787HorXkFDPH8AfO5w/scY4S</latexit>
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<latexit sha1_base64="VbtRpf1eMtvo8RXtKi/JyAd1LAI=">AAAB63icbVDLSsNAFL2pr1pfVZduBoviqiQ+0GXBjcsK9gFtLJPppB06MwkzE6GE/IIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcyZNq777ZRWVtfWN8qbla3tnd296v5BW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv7nSeqNIvkg5nG1Bd4JFnICDa5lGaPF4Nqza27M6Bl4hWkBgWag+pXfxiRRFBpCMda9zw3Nn6KlWGE06zSTzSNMZngEe1ZKrGg2k9nt2boxCpDFEbKljRopv6eSLHQeioC2ymwGetFLxf/83qJCW/8lMk4MVSS+aIw4chEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7EheIsvL5P2ed27qrv3l7XGaRFHGY7gGM7Ag2towB00oQUExvAMr/DmCOfFeXc+5q0lp5g5hD9wPn8A7nyOEw==</latexit>
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<latexit sha1_base64="VbtRpf1eMtvo8RXtKi/JyAd1LAI=">AAAB63icbVDLSsNAFL2pr1pfVZduBoviqiQ+0GXBjcsK9gFtLJPppB06MwkzE6GE/IIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcyZNq777ZRWVtfWN8qbla3tnd296v5BW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv7nSeqNIvkg5nG1Bd4JFnICDa5lGaPF4Nqza27M6Bl4hWkBgWag+pXfxiRRFBpCMda9zw3Nn6KlWGE06zSTzSNMZngEe1ZKrGg2k9nt2boxCpDFEbKljRopv6eSLHQeioC2ymwGetFLxf/83qJCW/8lMk4MVSS+aIw4chEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7EheIsvL5P2ed27qrv3l7XGaRFHGY7gGM7Ag2towB00oQUExvAMr/DmCOfFeXc+5q0lp5g5hD9wPn8A7nyOEw==</latexit>
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Gk = multi-graph generated by all k-step walks in G

• (u, v) has multiplicity equal to # k-step walks from u to v

Lemma.

1. Gk has n vertices

2. Gk is regular with degree dk.

3. If random walk on G has spectral gap �, then random walk on Gk has
spectral gap 1� (1� �)k.
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1.0.1 Zig-Zag Product

Goal: decrease degree

• G = (V,E) regular graph w/ n vertices and degree d

• H = (V0, E0) regular graph w/ d vertices and degree d0

• identify V0 = [d]

• vertices in H $ steps in G

Zig-Zag product Z(G |H)

Vertices vertex set V ⇥ [d]

Edges: (k1, k2)th neighbor of (v1, i1) 2 V ⇥ [d]:

✓
v1
i1

◆
�!
1

✓
v1
i2

◆
2�!

✓
v2
i2

◆
�!
3

✓
v2
i3

◆
�!
4

✓
v2
i4

◆

1. step in H from i1 to its k1th neighbor, i2.

2. moves v1 to its i2th neighborm, v2.

3. move from i2 to i3 if v1 is the i3th neighbor of v2.

4. moves i3 to its k2th neighbor in H.

(google images)

Notes:

• steps 2, 3 have 0 degrees of freedom

• v1 adjacent to v2 in G

• i1 not (necessarily) adjaceny to i2 in H ?!

• s, t connected in G only if ...

• (s, i), (t, j) connected in G only if ...
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Lemma 2. Let

• G = (V,E) regular undirected graph w/ n vertices and degree d

• H regular undirected graph w/ d vertices and degree d0

Then Z(G |H) has:

• nd vertices,

• degree d20

• spectral gap �G�2
H
.
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Lemma 1.
1. Gk has n vertices

2. Gk is regular with degree dk.

3. If random walk on G has spectral gap �, then random walk on Gk has spectral gap
1� (1� �)k.

Lemma 2. Let

• G = (V,E) regular undirected graph w/ n vertices and degree d

• H regular undirected graph w/ d vertices and degree d0

Then Z(G |H) has:

• nd vertices,

• degree d20

• spectral gap �G�2
H
.

1.1 Completing the proof
Lemma 3. Let G be a regular undirected graph with n vertices, degree d2, and
spectral gap �G. Let H be a regular undirected graph with d4 vertices, degree
d, and spectral gap H. Then Z

�
G2

��H
�

is a regular undirected graph with d4n

vertices, degree d2, and spectral gap
⇣
1� (1� �G)

2
⌘
�2

H
.
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Lemma 4. Let G be a regular undirected graph with n vertices, degree d2, and spectral
gap �G. Let H be a regular undirected graph with d4 vertices, degree d, and spectral
gap H. Then Z(G2 |H) is a regular undirected graph with d4n vertices, degree d2, and
spectral gap

�
1� (1� �G)

2��2
H
.

Deterministic connectivity

Input
1. G regular with n vertices, constant degree d2, spectral gap � 1/ poly(n)

2. H with d4 vertices, degree d, � 3/4

(explicit construction)
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# vertices

10



Space analysis

Claims.

1. The space required to simulate a step on G2
j
is O(1) plus the space required

to simpulate a step on Gj.

2. The space required to simulate a step on Z
�
G2

j

��H
�

is O(1) plus the space
required to simulate a step on G2

j
.

If above hold, then space required to simulate step on Gk is O(k + log(n)), as

desired.
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2 Analysis of the zig-zag product

Lemma 2. Let

• G = (V,E) regular undirected graph w/ n vertices and degree d

• H regular undirected graph w/ d vertices and degree d0

Then Z(G |H) has:

• nd vertices,

• degree d20

• spectral gap �G�2
H
.

2.1
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[Rei08] Omer Reingold. “Undirected connectivity in log-space”. In: J. ACM
55.4 (2008), 17:1–17:24. Preliminary version in STOC, 2005.
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1.0.1 Zig-Zag Product

Goal: decrease degree

• G = (V,E) regular graph w/ n vertices and degree d

• H = (V0, E0) regular graph w/ d vertices and degree d0

• identify V0 = [d]

• vertices in H $ steps in G

Zig-Zag product Z(G |H)

Vertices vertex set V ⇥ [d]

Edges: (k1, k2)th neighbor of (v1, i1) 2 V ⇥ [d]:

✓
v1
i1

◆
�!
1

✓
v1
i2

◆
2�!

✓
v2
i2

◆
�!
3

✓
v2
i3

◆
�!
4

✓
v2
i4

◆

1. step in H from i1 to its k1th neighbor, i2.

2. moves v1 to its i2th neighborm, v2.

3. move from i2 to i3 if v1 is the i3th neighbor of v2.

4. moves i3 to its k2th neighbor in H.

(google images)

Notes:

• steps 2, 3 have 0 degrees of freedom

• v1 adjacent to v2 in G

• i1 not (necessarily) adjaceny to i2 in H ?!

• s, t connected in G only if ...

• (s, i), (t, j) connected in G only if ...
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Lemma 2. Let

• G = (V,E) regular undirected graph w/ n vertices and degree d

• H regular undirected graph w/ d vertices and degree d0

Then Z(G |H) has:

• nd vertices,

• degree d20

• spectral gap �G�2
H
.
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