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Recall: (s, t)-connectivity in O(log n) space

e G = (V,FE) undirected, s,t € V: are s and t connected? OCB ab !—b
e only allowed O(logn) space me'() QO(\%& = PO‘ Gb

e previously: random walk for O(mn) steps from s
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Recall: (s, t)-connectivity in O(log n) space

e G = (V,FE) undirected, s,t € V: are s and t connected?
e only allowed O(logn) space

e previously: random walk for O(mn) steps from s

From the homework:
e If G has constant spectral gap, then diameter is O(logn). (why?)
e If G has constant spectral gap, then determinstic (s,t)-connectivity.

(why?)

Theorem 1. There is a O(logn) space, polynomial time deterministic algo-
rithm for (s,t)-connectivity in undirected graphs with n vertices.

e Omer Reingold. “Undirected connectivity in log-space”. In: J. ACM 55.4
(2008), 17:1-17:24. Preliminary version in STOC, 2005.



1 High level overview

Connectivity easy on expanders

Key idea: implicitly convert graph to an expander

Simplifying assumption: input graph G is regular with constant degree d

(doable with some prepreocessing)

build up expander with two graph operations:
1. powering

2. zig-zag product



Powering

Goal: improve spectral gap
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G G G*

G* = multi-graph generated by all k-step walks in G

e (u,v) has multiplicity equal to # k-step walks from u to v

FAN

1. G* has n vertices

Lemma.

L

3. If random walk on G has spectral gap =y, then random walk on G* has
spectral gap 1 — (1 —~)*.

2. G* is reqular with degree d*.
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1.0.1 Zig-Zag Product (‘

Goal: decrease degree &=

o G = (V, E) regular graph w/ n vertices and degre‘ d ,

o H= (Vh, Ep) regular graph w/ d vertices and degree dy = OC\)

e identify V) = [d]

e vertices in H <> steps in G

re— vk W G
Zig-Zag product Z(G | H)

Ldo]
Vertices vertex set V' X [d] k\ ) \‘1 < ©
-—

P ———

Edges: (ky, k2)th neighbor of (vy,41) € V' x [d]:

V1 (] 2 (%) U2
. — . —= . — . — :
1 1 19 19 3 13 4 (2

step in H from i to its kith neighbor, is. VR l .
L : o V) '
moves v; to its isth neighborm, vs. \ " ) y 9
\ \

&h

move from iy to 23 if vy is the igth neighbor of vs.

= W =

moves 73 to its koth neighbor in H.

(google images)

Notes: % V4
e steps 2, 3 have 0 degrees of freedom W %

e vy adjacent to vy in G

e i1 not (necessarily) adjaceny to 4o in H 7!
$) (%) o
e s,t connected in G only if ... (_ \ ) , N\ C'OW'\ V\Q&

e (s,1),(t,7) connected in G only if ...

S



Lemma 2. Let

e G = (V,E) reqular undirected graph w/ n vertices and degree d
o \H reqular undirected graph w/ d vertices and degree dy€e=— OC\)
Then Z(G | H) has:

e nd vertices,
——_—

o degree d? 6’

o spectml gap Yoy




Lemma 1.
1. G* has n vertices
2. G* is reqular with degree d*.

3. If random z]galk on G has spectral gap v, then random walk on G* has spectral gap
1—(1—7)".

Lemma 2. Let

o G = (V,E) regular undirected graph w/ n vertices and degree d

e H regular undirected graph w/ d vertices and degree dy
Then Z(G| H) has:

e nd vertices,
o d d?
egree dg

e spectral gap Yo%

1.1 Completing the proof

Lemma 3. Let G be a reqular undirected graph with n vertices, degree d?, and
spectral gap Ya. Let H be a reqular undirected graph with d* wvertices, degree
d, and spectral gap¥H. Then Z (_G_f ‘ H) is a reqular undirected graph with d*n

vertices, degree d*, and spectral gap (1 — (1 — fyg)2>7%{.




Lemma 4. Let G be a reqular undirected graph with n vertices, degree d?, and spectral
gapeye. Let H be a regqular undirected graph with d* wvertices, degree d, and spectral
gap®H . Then Z(G*| H) is a reqular undirected graph with d'n vertices, degree d*, and
spectral gap (1 — (1 —6)* )%

Deterministic connectivity

Input kS )" C’.\‘

1. G regular with n vertices, constant degree d?, spectral gap > 1/ poly(n)
2. H with d* vertices, degree d, >34

(explicit construction)
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Space analysis

Claims.

1. The space required to simulate a step (o plus the space required
to simpulate a step on Gj.

—_—

2. The space required to stmulate a step on Z (G? | H ) is O(1) plus the space
required to simulate a step on G?. o

e

If above hold, then space required to simulate step on Gy is O(k 4 log(n)), as
desired.
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2 Analysis of the zig-zag product

Lemma 2. Let
o G = (V, E) reqular undirected graph w/ n vertices and degree d
e H regular undirected graph w/ d vertices and degree dy
Then Z(G | H) has:
e nd vertices,
e degree d

e spectral gap Yo%
TS
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1.0.1 Zig-Zag Product K

Goal: decrease degree &=

o G = (V, E) regular graph w/ n vertices and degre< d ,

o H= (Vh, Ep) regular graph w/ d vertices and degree dy = OC\)

e identify V) = [d]

e vertices in H <> steps in G

re— vk W G
Zig-Zag product Z(G | H)

Vertices vertex set V' X [d] \'K\I\_\ k\ ) \‘ZL_Q Ldbj

—_—

Edges: (ky, k2)th neighbor of (vy,41) € V' x [d]:

U1 U1 2 (%) V2
(i ) 1 \is ) (z ) 3 (’L ) 4 Ez 5
1 J 2 2 3 4

1, step in H from 41 to its kith neighbor, 4. G \[\ l
= - v |
2.\ moves v; to its iath neighborm, vs. : ¥e 9
H ‘\ %\
3. move from iy to i3 if vy is the 73th neighbor of v,. 2
4. moves 23 to its koth neighbor in H.

(google images)

Notes: % V4
e steps 2, 3 have 0 degrees of freedom W %

e vy adjacent to vy in G

e i1 not (necessarily) adjaceny to 4o in H 7!
$) (%) o
e s,t connected in G only if ... (_ \ ) , N\ C'OW'\ V\Q&

e (s,1),(t,7) connected in G only if ...
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Lemma 2. Let
o G = (V, E) regular undirected graph w/ n vertices and degree d
e H regular undirected graph w/ d vertices and degree dy

Then Z(G'| H) has: Rb _ (Q\ﬁé\z’m W\\‘
e nd vertices, =" A
o degree i < R _ rw&m \No\\k
e spectral gap YoV e— “
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